Introduction
Finite shell elements which are based on the first-order shear deformation theory are able to describe the global deformation behaviour of thin plate and shell structures. However for some stress components only an average shape through the thickness can be obtained. Various methods have been developed to obtain the complicated local deformation behaviour in inhomogeneous thin structures. In this context the authors in [1] discuss different models for the computation of stress concentrations in layered shells. So-called multi-director shell formulations with an appropriate number of global degrees of freedom at the nodes yield approximate solutions of the three-dimensional boundary value problem, e.g. [2] . To reduce the effort the domains with multi-director discretization are adaptively coupled with 5 parameter shell elements in [3] . The coupling is accomplished in such a way that perturbations of the stress field are avoided. The application of brick elements or solid shell elements provides likewise a computationally expensive approach, e.g. [4, 5] . For laminates each layer must be discretized with several elements in thickness direction to obtain satisfactory results. The numerical effort for such a full-scale solution leads for practical problems to an unreasonable number of unknowns.
To avoid large-scale computations, the shells are treated as a homogeneous continuum with effective properties obtained through a homogenization procedure. The homogenization of laminated shells considering different composite theories is described e.g. in the textbook [2] . Sandwich panels consist of a heterogeneous core bonded to the face sheets. Effective properties of the core can first be determined applying analytical or numerical homogenization methods for a three-dimensional continuum. Hence the whole sandwich structure can be analyzed by application of a laminate theory, see e.g. [6, 7, 8] . The homogenization of masonry structures considering a particular stacking and material behaviour of the constituents has been treated e.g. in [9, 10, 11, 12, 13] . Computational homogenization procedures for thin structured sheets have been proposed in [14, 15] . The theory in [14] is based on a Reissner-Mindlin kinematic, whereas in [15] a Kirchhoff-Love kinematic is adopted. Representative volume elements (RVE) extending through the full thickness of the structure are introduced. At the top and bottom surfaces of the RVE stress boundary conditions are applied, whereas periodicity constraints are applied at the lateral surfaces. Numerical multiscale modeling of sandwich plates is performed in [16] . The authors consider a Reissner-Mindlin plate theory with five degrees of freedom on the macroscale, and three dimensional boundary value problems are solved on the mesoscale resolving the stacking order of the sandwich.
A lot of literature exists on computational homogenization methods for general heterogeneous materials, see e.g. [17, 18] for a survey and new developments. Solutions of two coupled boundary value problems, one on the macro scale and one on the micro scale, are computed. Arbitrary material behaviour on the micro level including physical and geometrical evolution of the microstructure can be considered. The macroscopic stresses and moduli are obtained with the solution of the associated microscale boundary value problem, e.g. [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] among many others. Computational homogenization methods are well suited for parallelization. The computing time to set up the global stiffness matrix is practically scaled by the number of processors.
The essential features and new aspects of the present formulation are summarized as follows: 2 (i) The underlying shell formulation is based on the Reissner-Mindlin theory with inextensible director field which leads to averaged transverse shear strains and vanishing thickness normal strains. The total displacement field is split in an average part introduced in the shell theory and a fluctuation part which describes warping and thickness change. A variational formulation and associated linearization for the coupled globallocal boundary value problem is derived.
(ii) For the solution of the two-scale problem a FE 2 method for small strains is described, see Fig. 1 . The reference surface of the shell structure is discretized using quadrilateral elements and the discretization of the local boundary value problems is performed with 8-noded or 27-noded brick elements and so-called solid shell elements. The RVE extends through the total thickness of the shell. At the lower and upper surface of the RVE stress boundary conditions are considered, whereas at the lateral surfaces the in-plane displacements are prescribed. The out of plane displacements of two opposite surfaces are linked in such a way that particular membrane, bending and shear modes are not restrained.
(iii) The nonlinear coupled local and global boundary value problems are simultaneously solved in a Newton iteration scheme, which is more effective than a nested iteration. Examples show that quadratic convergence of Newton´s method is preserved.
(iv) For a homogeneous shell and linear elasticity the material matrix for the stress resultants must be decoupled with respect to the submatrices for membrane, bending and shear. This important test is performed by means a homogeneous RVE. Γ u is denoted by S. The shell is loaded statically by loadsp in Ω and by boundary forcest on Γ σ . The part of the boundary with prescribed displacements or rotations is denoted by Γ u . In the following Greek indices range from 1 to 2 and commas denote partial differentiation with respect to ξ α . Position vectors of the initial reference surface and current surface are denoted by X(ξ α ) and x(ξ α ), respectively. Furthermore, a directorD(ξ α ) with |D(ξ α )| = 1 is introduced as a vector field perpendicular to Ω. The unit director fieldd(ξ α ) of the current configuration is obtained by orthogonal transformations and is a function of the rotational parametersω. Within the Reissner-Mindlin theory transverse shear strains are accounted for, thusd · x, α = 0. Hence, the displacement field follows from the difference of the position vectors in shell spacē
The shell strains are derived from the Green-Lagrangian strain tensor using kinematic assumption (1) and are arranged in a vector as
The components are membrane strains ε αβ , curvatures κ αβ and transverse shear strains γ α
The normal strains in thickness direction are zero due to the assumed inextensible director field.
According to Fig. 1 a representative volume element (RVE) at an integration point i of a typical finite shell element is introduced. The domain B i extends through the total thickness h of the shell. The displacement field is split in an averaged partū and a fluctuation partũ.
The averaged displacementsū according to (1) are a linear function of the thickness coordinate, whereasũ describes warping and thickness change. Hence, the deformation gradient F = 1 + Grad u is defined in a standard way and the Green-Lagrangian strain tensor follows from E = 1 2 (F T F − 1). Next the static field equations of the global and local boundary value problems are summarized. Therefore, we first introduce the vector of stress resultants and of the stress couple resultants
which are integrals of the First Piola-Kirchhoff stress tensor P. Furthermore G α are contravariant base vectors andμ is defined with the volume element dV =μ dz dA and the area element dA = j dξ 1 dξ 2 with j = |X, 1 ×X, 2 | of the reference surface. For a rectangular domain B i as is depicted in Fig. 1μ = 1 holds. The first two equations
in (6) describe the global equilibrium, whereas the third equation is associated with the local equilibrium. The volume forces ρ 0 b are neglected in the following. To complete the boundary value problem we specify the static boundary conditions of the reference surface
where ν α are components of the outward normal vector on Γ. The lower surface of the shell ∂B − i and the upper surface ∂B + i are free of stresses, thus
where N is the normal vector on
The weak form of the equilibrium equations (6) 
Here, numel denotes the total number of shell elements, NGP the number of Gauss points for each element and A i = l x l y is the reference area of the RVE, see section 4. In case of an adaptive computation numel is the number of elements with two-scale modeling. By default, the two integrals in (9) are integrated by parts. First, using
where the summation convention for repeated indices is used, integration by parts of the first integral yields with boundary conditions (7)
Here, σ denotes the vector of stress resultants 
Hence, applying the divergence theorem to the second integral considering boundary conditions (8) yields
Here, S denotes the Second Piola-Kirchhoff stress tensor with P = F S and the virtual GreenLagrangian strain tensor δE = 1 2
Inserting (11) and (14) in eq. (9) yields
For the finite element formulation of the next section we need to derive the linearization of eq. (15) . With conservative loadsp andt one obtains
where g(v, δv) is given in (15) and
The material matrix C is a standard output of a library of constitutive laws in a material description. The linearized virtual shell strains Δδε are derived for finite rotations in [30] . The stress resultant vector σ and the matrix of linearized stress resultants D are specified in the next section.
Finite element formulation
We describe a finite element formulation based on a standard displacement method. In the examples in section 5, also mixed elements are partly used. Concerning mixed hybrid element formulations for layered shells and solid shells we refer to [32] , [4, 5] .
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The reference surface of the shell is discretized with numel quadrilateral isoparametric shell elements
where the subscript h refers to the finite element approximation. Initial geometry, displacements and rotations are interpolated with bilinear functions
T . Here, ξ, η are the coordinates in parameter space and ξ I = ±1, η I = ±1. The nodal degrees of freedom are three displacements and two or three rotations. At nodes with shell intersections three global rotations are present, whereas at the other nodes two local rotations are used. With incorporation of an assumed shear strain interpolation according to [33] shear locking can be avoided. Inserting the interpolation functions for the displacements and virtual displacements into the linearized weak form (16) considering (15) and (17) yields
. . .
The indices G and L refer to the global and local boundary value problems, respectively. The matrices of the first row in (19) follow from the global part of the linearized weak form. The element residual vector and the tangential element stiffness matrix read
where the matrices B and G are derived in [30] . The vector of stress resultants σ i and linearized stress resultants D i are specified below. The matrices of the second to the last row in (19) are associated with the local boundary value problems at Gauss points 1 ≤ i ≤ NGP of shell element e. We continue with the local boundary value problem of Gauss point i with boundary conditions which are specified in the next section
Here, the total number of elements used for the discretization of the RVE is denoted by N. The element residual vector f L e and the tangential element stiffness matrix k
whereB andG are the virtual strain displacement matrix and the geometrical matrix of 8-noded or 27-noded brick elements with standard displacement interpolation, respectively. For an effective finite element implementation a transformation of the Second Piola-Kirchhoff stress tensor S to the Kirchhoff stress tensor τ = FSF T and of the material matrix C to the spatial form c is necessary. The integration is performed as in (22) with respect to the initial configuration. Hence one can take advantage of the fact that the spatial version ofB is not fully populated which leads to a fast stiffness computation, see e.g. [31] . The element displacement vector v e is now split in a part v a which contains the internal displacements and a part v b which contains the boundary displacements of the RVE. For elements which do not have boundary nodes v b is not present. The relation of the internal displacements v a to the global displacement vector V i can be expressed using the standard assembly matrix a e . The relation of the boundary displacements v b to the prescribed global shell strains ε i at Gauss point i is given through a matrix A e (x, y, z) which is specified in the next section. Thus we have
The associated variations and linearizations are written as follows
Introducing
and inserting (24) yields
To alleviate the notation the Gauss point index i is omitted in the following matrices
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With δV i = 0 the internal degrees of freedom ΔV i can be eliminated from the set of equations using
which yields
The inverse of K exists since rigid body motions are eliminated by boundary conditions. With (28) and (29) eq. (26) reduces to
where
are the stress resultants and linearized stress resultants of Gauss point i. Finally (30) is inserted into the linearized coupled global-local boundary value problem (19)
As eq. (32) shows there is coupling between the global and local problems. The shell strains ε i enter in eq. (23), the stress resultants σ i and the linearized stress resultants D i according to (31) 
, respectively. The coupled nonlinear system of equations is simultaneously solved within a Newton iteration scheme. The iteration is terminated for the actual load step when local equilibrium in all Gauss points is attained along with the global equilibrium of the shell which is formulated through the first row of (19) or (32).
Boundary conditions of the RVE
In this section the boundary conditions for the RVE are specified. The so-called Hill condition [34] requires the equivalence of the microscopic and macroscopic stress power. With application of the Gauss theorem an alternative representation in terms of a surface integral can be derived, which shows that stress boundary conditions, displacement boundary conditions and periodic boundary conditions are conform with the Hill condition, e.g. [17] . A typical discretization of the RVE with applied boundary conditions is shown in Fig. 2 . The coordinates of the RVE are bounded by
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At the lower surface z = h − and at the upper surface z = h + stress boundary conditions, whereas at the lateral surfaces displacement boundary conditions are applied. Assuming small strains the relation of the boundary displacements to the averaged strainsĒ is written as ⎡ ⎣ū
Inserting the relation of the averaged strains to the shell strains
into (34) 
As is shown in the next section by means of a homogeneous RVE, these boundary conditions 
Note that for the linear case (36) and (37) lead to the same transverse shear strains γ α . Eq. 
where the index refers to node I of the considered element e. The matrices A I are submatrices of A e introduced in (23)
The number of nodes nel is 8 or 27 for 8-noded or 27-noded elements, respectively. Applying transverse shear strains γ α via (38) to the RVE yields rigid body rotations and not shearing. The rigid body rotations can be avoided by further link conditions for the out of plane displacements. The comparison of two conditions in the next section shows that the out of plane displacements of nodes with same coordinates z on two opposite surfaces have to be linked with respect to the coordinates x and y in an antisymmetric way.
The applied boundary conditions and link conditions for the RVE are summarized in Table 1 . Additionally, an arbitrary node is fixed in z-direction to avoid rigid body movements. When using an even number of elements we take the center node.
Examples
The developed model is implemented in a 5/6-parameter 4-node shell element within an extended version of the general finite element program FEAP [35] . With the first example we compare for a homogeneous RVE the finite element solutions with analytical expressions. The same is done with the next examples for a RVE with a cross-ply laminate and an angle-ply laminate. Furthermore, three coupled global local shell problems are investigated. Comparisons are given with full scale solutions computed with the solid shell elements [4, 5] and partially with standard shell solutions. The solid shell elements possess an orientation which has to be considered when generating the mesh. For the present examples the thickness direction of the elements must coincide with the z-direction of the RVE. The element [4] is used here with assumed transverse shear strain interpolation (ANS) and 5 EAS parameters. The necessity of these options for optimal convergence is illustrated in 
Homogeneous linear elastic isotropic RVE
In this example we consider a homogeneous RVE with l x = l y = h = 2 and linear elastic isotropic material behaviour. It is important to show that the developed homogenization method yields for this case the membrane, bending and shear stiffness of the Reissner-Mindlin shell theory
The finite element solutions must display the correct structure of D with decoupling of the submatrices for membrane, bending and transverse shear. As an example, pure bending of a homogeneous shell would deliver besides the bending moments to membrane and shear forces, if the correct structure of D is not given.
Mid-surface as reference surface
Assuming linear elastic isotropy behaviour with elasticity data E = 10 5 , ν = 0.4 and shear
With the mid-surface as reference surface, thus
, eq. (40) leads to the submatrices
where the shear correction factor κ is added on. Different definitions for κ are available in the literature, see [36] and references therein. As examples we mention the value κ = 2/3 of Timoshenko [37] and the result κ = 5/6 of Bach and Baumann [38] for rectangular beam cross sections.
The finite element solutions evaluating eq. (31) 2 yields exactly the zero entries in eq. (40) and (42) for arbitrary meshes starting with a 1 × 1 × 1 discretization. The results for the non zero values are summarized for the different element formulations in Table 3 . For the standard 8-node brick element mesh refinement is necessary to obtain convergence against the terms D Fig. 4 shows the convergence of κ using the different element formulations and the values for rectangular beam cross-sections of [38, 37] . Figure 4 : Shear correction factor versus nodes per side
Boundary conditions according to eq. (36)
We apply boundary conditions according to eq. (36) to the RVE. The zero entries in eq. (40) and (42) 
NODES/SIDE
DbFE11/Db11 DbFE12/Db12 DbFE33/Db33
Figure 5: Convergence of some stiffness parameters for boundary conditions (36)
Comparison of two link conditions
In the following we investigate the influence of two different link conditions. We compare the link conditions of Table 1 with the conditions of eq. (43)
where the z-displacements of nodes on two opposite surfaces are symmetrically linked together. As Fig. 6 shows, this yields a restraint to the warping deformations following from an applied torsion strain. As a consequence the torsional stiffness D
bF E 33
converges with mesh refinement towards a wrong value, see Fig. 7 . Again, solid shell [4] is used for the discretization. The same behaviour follows with the other element formulations. The comparison shows that the mechanical answer of the RVE behaves very sensitive to inappropriate constraints for the displacements in thickness direction of the shell. 
respectively. The finite element results correspond to Table 3 . Again mesh refinement is necessary for the terms D 12 when using the standard 8-node brick element. The results are close to those depicted in Fig. 3 . The results for the shear terms are identical with Fig. 4 . The coupling matrix D mb is exact for all element types and all meshes.
RVE with a cross-ply laminate
We consider a RVE with mid-surface as reference surface, l x = l y = h = 2 mm and a [0
• ] cross-ply laminate. The layers are of equal thickness and 0 • corresponds to the x-direction. The material constants for transversal isotropy are chosen as
where the index 1 refers to the preferred direction of the material. Hence, the matrices C m and C s of eq. (40) read with Δ = 1 − ν 2 12
The evaluation of (40) considering (46) and the fibre angle in each layer yields a matrix D with the following submatrices
As in the last example, we again compare the finite element results obtained by evaluation of (31) Fig. 9 shows the convergence of the two shear correction factors κ 1 and κ 2 using the different element formulations. 
NODES/SIDE

DbFE11/Db11
DbFE12/Db12
DbFE22/Db22 
RVE with an angle-ply laminate
We consider a RVE with mid-surface as reference surface, l x = l y = h = 2 mm and a [−45
• ] angle-ply laminate. The layers are of equal thickness and 0 • corresponds to the x-direction. The material constants for transversal isotropy are given in (45). The evaluation of (40) considering (46) and the fibre angles in both layers yields a matrix D with the following submatrices Fig. 11 shows the convergence of the shear correction factor κ. The computations are carried out displacement controlled, thus F is computed as reaction for prescribed displacements w. We compare shell solutions and 3d full scale solutions using the elements [32, 4, 5] with results of the two-scale model. The RVE and the full scale model are discretized in thickness direction with four elements for each layer. Again there is virtually no difference between a geometrically linear and nonlinear computation of the RVE. The curves in Fig. 15 show good agreement between the different models. A plot of the deformed configuration is shown in Fig. 16 . The largest deformations occur in the vicinity of the concentrated load. [4] in Fig. 20 . The two-scale model yields with practically N = 10 elements a converged solution, whereas for the 3d full scale solution N = 50 elements are necessary for a converged solution. A plot of the deformed configuration at λ = 5 is shown in Fig. 21 . For N = 5 elements the convergence behaviour of the Newton scheme when applying the simultaneous iteration in comparison to a nested iteration is depicted in Table 6 . Within the load steps λ = 4.6 and λ = 4.8 the norm of the global residual vector |F| is shown for each iteration. Both procedures show quadratic convergence and require the same number of iterations, however the nested iteration additionally needs 2 to 6 local iterations in each global iteration step. The number of local iterations is determined in the element closest to the symmetry line.
Layered cylindrical shell
Conclusions
A coupled two-scale model for layered shells is developed and tested with several examples. The boundary conditions for the RVE are chosen in such a way that particular membrane, bending and shear modes are not restrained. This is shown by means of a homogeneous RVE, where a material matrix for the stress resultants with decoupled submatrices for membrane, bending and shear comes out. For the discretization of the RVE solid shell elements with assumed strain interpolation and enhanced strain interpolation are advantageous, since in comparison to standard 8-noded brick elements a better convergence behaviour is given. The systems of nonlinear equations for the coupled global and local boundary value problems are solved simultaneously within the Newton iteration scheme. This is numerically more effective than a nested iteration. The developed FE 2 method is well suited for an adaptive modeling of thin structures. 
